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Set Theory Without the Axiom of Foundation



1 INTRODUCTION

1 Introduction

1.1 Motivation

Self-reference has been a concept which has concerned philosophers for millennia, and which

gives rise to many paradoxes. A classic example of such a paradox would be a strip of paper with

‘the statement on the other side of this strip of paper is true’ on the front, and ‘the statement

on the other side of this strip of paper is false’ on the back1 where a contradiction is brought

about by each statement referring to the other.

Despite the paradoxes which may arise if self-reference occurs freely, the use of self-referential

structures is widespread, appearing in branches of computer science, artificial intelligence, sit-

uation semantics and linguistics, to name but a few. The concept of self-reference is easily

understood and self-reference is a natural way to describe certain systems and phenomena.

For example, the continued fraction

x = 1 +
1

1 +
1

1 + 1
1+...

is evaluated formally as a limit of the sequence

1, 1 +
1

1
, 1 +

1

1 + 1
1

, . . . .

Heuristically, however, one may use the self-referentiality of the structure to say that the limit

is a solution to

x = 1 + 1
x
, i.e. x2 − x − 1 = 0,

and this is simply solved to give x = 1+
√

5
2 ; it cannot be the other root as the desired limit is

clearly non-negative.

1[7] suggests that it is possible to solve this paradox by glueing the ends of the strip together with a half-twist,
rendering any assertions about the other side of the strip nonsensical.
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1 INTRODUCTION 1.1 Motivation

Also, it would be immediately clear to most mathematicians what object the symbols

{a, {a, {a, . . .}}}

are intended to represent. In the widely-accepted Zermelo–Fraenkel (ZF) set theory such a

construction is forbidden by the foundation axiom and yet the concept it expresses is simple to

understand and not obviously contradictory.

A finite list is often constructed as the ordered pair of its head and its tail; infinite lists (or

streams) are also of importance, yet generalising the usual construction of a finite list to the

infinite case is forbidden in the wellfounded world. While there are alternatives to the notion

of a finite list which do generalise (and also notions of ordered pair which permit wellfounded

infinitary constructions) it would be pleasing to be able to change the rules to allow the original

idea to generalise equally well.

In the world of computer science, the linked list is a conceptually simple structure which

is widely used in many real-world computational systems, and yet its self-referentiality causes

difficulties in strong type systems which insist that types ought to be wellfounded.

In functional programming, fixed-point combinators such as Curry’s Y -combinator

Y = λf.

(

λx.
(

f(x x)
)

(

λx.
(

f(x x)
)

)

)

are useful for constructing functions (such as the factorial function) recursively. Yet if the

language employs a type system that insists on wellfounded types then such objects cannot

be welltyped. Haskell is such a language (which is unfortunate since Haskell was designed by

Curry too). Permitting circular references in the type system (as languages such as OCaml do)

allows this conceptually straightforward idea to exist.

One does not avoid thinking about certain kinds of self-reference and illfoundedness, at least
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1 INTRODUCTION 1.2 Historical Background

in an informal context, so there is no a priori reason why it should be totally excluded from a

logical system that aims to underpin all of mathematics. It will turn out that it is possible to

allow certain self-referential structures into set theory without damaging the consistency of the

logical system in which one works.

1.2 Historical Background

By a ‘set’ we understand every collection to a whole M of definite, well-differentiated

objects m of our intuition or our thought. ([2], translation from [6])

Early attempts to formalise set theory started with näıve comprehension principles such as

∃x∀y
(

y ∈ x ⇔ φ(y)
)

where φ(y) is any formula in a free variable y. Unfortunately, this is far too generous in its

answer to the question of sethood. Famously Russell’s paradox arises when taking φ(y) = ‘y /∈ y’

which implies x ∈ x ⇔ x /∈ x, a contradiction that concerned Russell for a number of years.

In order to exclude such contradictions, the näıve comprehension principle was replaced

with a more restrictive list of axioms which attempted to capture the intuition of how sets

ought to behave. Operations such as pairset, union, powerset and separation on ‘näıve sets’

were already in use in the mathematics of the day, as were the notion of an empty collection

and an infinite collection, so these were incorporated in the axioms. The stories of the relatively

controversial axiom scheme of collection and the myriad axioms of choice are outside the scope

of this exposition, and they are included without further comment as necessary components of

the theory.

These axioms alone are not a complete list, in the sense that they do not have a unique

model up to isomorphism. From around 1922 onwards, attempts were made to restrict the

Revision: 1.41 Date: 2004/06/04 10:35:57 3



1 INTRODUCTION 1.3 An Underlying Model

notion of a set sufficiently that the universe of sets would be unique and eventually the now

widely-accepted foundation axiom (FA) was born in [8], which asserted that every set x has

an ∈-minimal member: a y ∈ x such that for every z ∈ x, z /∈ y. This axiom is attractive

for a number of reasons. It corresponds to the heuristic notion that it is possible to ‘build’

sets starting from some point in ‘time’. It makes possible the methods of ∈-induction and

∈-recursion from which such results as Mostowski’s collapsing lemma can be deduced. It gives

the result that the intersection of a proper class with Vα is nonempty for some ordinal α and

hence there is a minimal such α, which permits the use of Scott’s trick to avoid thinking too

hard about a proper class by considering only its elements of minimal rank.

However, there were other attempts to complete the list of the axioms of set theory, in ways

which contradict Zermelo’s FA. One of the earliest was Finsler’s [4], which appeared prior to

the publication of FA in 1930. Scott and Boffa both produced new alternatives to FA in the

1960s and then Forti and Honsell’s 1983 paper [5] introduced a number of new axioms which

contradict FA, in particular X1 which coincides with Aczel’s [1] AFA.

1.3 An Underlying Model

On a technical note, the discussion and arguments below take place in the logical system of

ZFC−, i.e. ZF without FA and with as strong an axiom of choice as is required. It is assumed

that a model of this set theory, denoted V , is given. Following Aczel [1] the logical system will

also include the axiom scheme of collection, one instance of

∀a
(

(∀x ∈ a) ∃y φ ⇒ ∃z (∀x ∈ a)(∃y ∈ z)φ
)

,

for each formula φ with z not occurring free. In the presence of FA this is equivalent to the

usual axiom scheme of replacement; in the absence of FA it is certainly at least as strong.
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2 PICTURES OF SETS

2 Pictures of Sets

2.1 Introduction and Definitions

Informally speaking, a set a may be depicted as a directed pointed graph, with an edge x → y

in the graph iff y ∈ x, and with the distinguished point of the graph corresponding to the set a.

More precisely, a picture of a wellfounded set can be constructed by ∈-recursion as follows.

The picture of ∅ is a graph with one vertex and no edges, and the picture of a set a is the

disjoint union of the pictures of its members, together with a new point â which is the new

distinguished point, and a new edge from â to the distinguished point of the picture of each

member of a. Figure 1 shows the first 3 von Neumann integers depicted in this way, where the

distinguished point in each case is the white circle.

0 1 2 3

Figure 1: Pictures of von Neumann integers

This construction of the ‘picture’ of a set suggests the following definitions. An accessible

pointed graph (APG) ((G,→), v) is a directed graph (G,→) on a set of vertices G and a

distinguished vertex v such that for every vertex u there is a path v → . . . → u in the graph.

Say that a pointed graph is a wellfounded APG (WAPG) if it is an APG with no infinite

path. The APG ((G,→), v) will often be denoted G when the relation → and the point v are
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2 PICTURES OF SETS 2.1 Introduction and Definitions

clear from the context.

A decoration of an APG with vertex set G is a function f : G → V such that x → y in G

iff f(y) ∈ f(x). An APG ((G,→), v) is said to depict or be a picture of the set a if it has a

decoration f with f(v) = a. Note that by ∈-induction every WAPG has a unique decoration,

i.e. every WAPG is the picture of a unique wellfounded set, and in particular the (necessarily

unique) decorations of the graphs in figure 1 and in figure 2 are pictures of the same respective

sets.

0 1 2 3

Figure 2: Alternative APGs depicting 0, 1, 2 and 3

Proposition 2.1.1. Every set has a picture. That is, for each set a, there is an APG which

depicts a.

Proof. Construct a graph G on the transitive closure2 of a with edges x → y iff y ∈ x and

pick a as its point. Then the inclusion G →֒ V is a decoration of G which assigns a to the

distinguished vertex, hence G is a picture of a.

The APG constructed in the proof of proposition 2.1.1 is known as the canonical picture

of the set a.

2Notice that the transitive closure of a set a remains a set even if a is not wellfounded.
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2 PICTURES OF SETS 2.2 Atoms

As noted above, ∈-induction implies the existence of a decoration of any WAPG. The fol-

lowing axiom DEA (for Decoration Existence Axiom) extends this to non-wellfounded APGs.

DEA: Every APG has a decoration.

2.2 Atoms

It is sometimes convenient to permit the use of a class X of atoms which are thought of as

objects that have no members but which are nonetheless distinct. While this contradicts the

full principle of extensionality, it is permissible to weaken the principle to only cover nonempty

objects. The consistency of such a step is given by the existence of an inner model of V

incorporating atoms, by replacing V with {1} × V and X with some subclass of {2} × V , and

redefining the membership relation ∈ accordingly. To incorporate atoms into the language of

APGs, allow vertices with no descendants to be labelled with an atom and insist that if the

vertex v is labelled with the atom x then a decoration of the graph must send v to the atom

x. Such a graph is known as a labelled APG and its decorations are labelled decorations.

Proposition 2.1.1 may be extended as follows.

Proposition 2.2.1. For every set–with–atoms a, there is a labelled APG which depicts a.

Proof. As above, construct a graph G on the transitive closure of a, appropriately labelling

any atoms therein. Then the inclusion function G →֒ V is a labelled decoration of G and hence

G depicts a.

2.3 Systems

In order to attempt to describe set theory in terms of APGs it will be necessary to consider

a graph on a proper class of vertices. A system is a directed graph (M,→M ) on a class of
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2 PICTURES OF SETS 2.3 Systems

vertices M such that for every vertex v, the class vM = {u ∈ M : v →M u} is a set. The

subscript on the relation → will be dropped if it is clear from context.

For example, the universe of sets V can be made into a system using the relation a →V b iff

b ∈ a; from now this system will also be known as V so that aV = a for all sets a. Any directed

graph is a system on a small class (i.e. a set) of vertices. As above, given a class X of atoms, a

labelled system is a system where every childless vertex may be labelled by an atom x ∈ X.

Given systems M , M ′, a system map M → M ′ is a function (or function-class) f : M → M ′

which preserves the relation → on vertices, in the sense that

{u′ : f(v) →M ′ u′} = {f(u) : v →M u} (v ∈ M)

In particular, a decoration of an APG G is a system map G → V .

Lemma 2.3.1. The composition of system maps is a system map.

Proof. Suppose f : M → M ′ and g : M ′ → M ′′ are system maps. Then for each v ∈ M ,

{gf(u) : v →M u} = {g(u′) : f(v) →M ′ u′} = {u′′ : gf(v) →M ′′ u′′}.

Let (M |v) be the v-accessible component of M , i.e. the subgraph of M consisting of all

vertices u such that there is a path v → . . . → u in M , and all edges between such vertices.

Lemma 2.3.2. Given a system M , the collection M0 = {((G,→G), v) : G ⊂ M} of all APGs

with vertices in M can be made into a system with edges (G|v) →M0
(G|u) iff v →G u for each

v, u ∈ G.

Proof. The collection of children of each (G|v) is just vG which is a set by definition, so M0

is a system.
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3 ON THE EQUALITY OF SETS

Lemma 2.3.3. If f : M → M ′ is a bijective system map, then f−1 : M ′ → M is also a system

map, and hence f is an isomorphism of systems M ∼= M ′

Proof. As f is a bijection, for each v ∈ M ,

{f−1(u′) : f(v) →M ′ u′} = {u : v →M u}.

Also, for each v′ ∈ M there exists a v ∈ M ′ such that f(v) = v′, so that for each v′ ∈ M ′

{f−1(u′) : v′ →M ′ u′} = {u : f−1(v) →M u}.

The following result allows us to identify a system M with the system of sub-APGs in M .

Lemma 2.3.4. The collection {(M |v) : v ∈ M} of APGs within a system M can be made into

a system M̂ by adding edges (M |v) →
M̂

(M |u) iff v →M u. The embedding v 7→ (M |v) is an

isomorphic system map.

Proof. M̂ is certainly a system as the collection of children of each (M |v) is a set by replace-

ment. The embedding v 7→ (M |v) is a bijective system map by definition, and hence is a system

isomorphism.

3 On the Equality of Sets

3.1 Motivation

When considering only wellfounded sets there is no question when two sets are equal: a combi-

nation of extensionality and ∈-recursion ensures there is one possible definition of the equality

relation. In the absence of an axiom of foundation the question of set equality is not so sim-

ply answered. For example, if there exist sets a = {b} and b = {a} then the principle of

extensionality reduces to the vacuous statement a = b ⇔ b = a.
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3 ON THE EQUALITY OF SETS 3.1 Motivation

The use of APGs provides a way to resolve this situation. While it is certainly possible that

a and b are distinct objects, it is clear from figure 3 that there exist isomorphic APGs which

depict both a and b (using the decoration f(v) = a, f(u) = b), and so if APGs alone are to be

used to decide whether sets are equal, it must be the case that a = b.

v u v u

Figure 3: A pair of APGs depicting a = {b} and b = {a}.

Figure 4 shows an APG which is not isomorphic to those in figure 3, but it must depict the

same set by extensionality: the sets of children of w and u are the same in both cases.

w v u

Figure 4: Another picture of b = {a}.

Consider figure 5 and suppose that the two APGs both depict the set a. Then as each has a

decoration that sends its point to a, it must be that for every b ∈ a there is both a vertex under

u and under v which depict b, and conversely every vertex under u and under v is a picture of

some b ∈ a.

In general terms, a bisimulation on a system M is a relation R on M that satisfies

v R u ⇒ ∀v′ ∈ vM ∃u′ ∈ uM v′ R u′ and ∀u′ ∈ uM ∃v′ ∈ vM v′ R u′.

Figure 5 demonstrates that the relationship “depicts the same set” is a bisimulation on the

system of APGs in M .
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3 ON THE EQUALITY OF SETS 3.2 Regular Bisimulations

v

. . . . . . . . .

. . .. . .

. . .. . .. . .

u

Figure 5: Similar pictures

3.2 Regular Bisimulations

The examples of the previous section suggest that to formulate a notion of equivalence of APGs

in a system M with which it will be possible to define the equality relation on sets, it will be

useful to seek a relation ∼ on M0, the system of APGs with vertices in M as introduced in

lemma 2.3.2, which satisfies:

1. ∼ is an equivalence relation,

2. G ∼= H ⇒ G ∼ H,

3. vG = uG ⇒ (G|v) ∼ (G|u), and

4. ∼ is a bisimulation.

A regular bisimulation on M0 is a relation on M0 which satisfies these conditions.

A good starting point to formalise the principle that ∼ decides whether two sets are equal

is the statement that for any APGs G and H which depict sets a and b respectively, G ∼ H

iff a = b. Unfortunately, this assertion is too strong to be consistent for a general regular

bisimulation ∼, since it implies that every graph has a unique decoration. Consider figure 6.
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3 ON THE EQUALITY OF SETS 3.2 Regular Bisimulations

Using the function f(v) = a, f(u) = b and f(w) = c it follows that a = b = c = {a} is a

decoration of this graph.

v

u w

Figure 6: An APG with possibly more than one decoration

However, it might also be possible that a, b and c are distinct, with a = {b}, b = {a, c} and

c = {a, b}, or indeed that b = c = {a, b} and a = {b} are distinct. It will turn out that, under

certain regular bisimulations, all three possibilities are permitted. Notice that only one of the

decorations given above is injective, and the canonical pictures of the other possibilities for a

are shown in figure 7.

Figure 7: Quotients of the APG in figure 6 by the relation “depicts the same set”

Injective decorations of APGs are particularly of interest since they distinguish as many

pairs of sets as possible. For, if an APG G has a non-injective decoration then the APG G′ on

the equivalence classes of its vertices has an injective decoration depicting the same set, since
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3 ON THE EQUALITY OF SETS 3.2 Regular Bisimulations

the canonical picture of a set has an injective decoration by definition.

The guiding principle that the relation ∼ on APGs will determine whether the sets the

APGs depict are equal, together with the idea that restricting attention to injective decorations

is sensible, suggests the following axiom DUA∼ (for Decoration Uniqueness Axiom).

DUA∼: For any sets a and b and any APGs G and H with injective

decorations which depict a and b respectively, G ∼ H iff a = b.

Notice that under this axiom, if G is an APG with an injective decoration then for any

vertices u, v of G, (G|u) ∼ (G|v) ⇒ u = v. In general, a system M is said to be ∼-extensional

if (M |u) ∼ (M |v) implies u = v for all vertices u, v. In other words, G has an injective

decoration only if G is ∼-extensional.

Lemma 3.2.1. For every APG G there exists a surjective system map f : G → G′ to a

∼-extensional APG G′ such that for all vertices u, v of G, f(v) = f(u) iff v = u.

Proof. Consider the equivalence relation on G defined by u ↔ v iff (G|u) ∼ (G|v). Let G′

be an APG on the ↔-equivalence classes of G, with edges [v] →G′ [u] iff v →G u. This is

well-defined as ∼ is a regular bisimulation. Then the map f : v 7→ [v] is a system map G → G′,

and G′ is ∼-extensional.

Instead of seeking a relation on M0, it will be sufficient to seek a relation on those APGs

within M0 which are ∼-extensional. As noted above, the decorations of interest on such APGs

are injective ones, but such decorations do not necessarily exist. A strengthening of DEA is

required, as shown in the axiom IDEA∼ (for Injective Decoration Existence Axiom) below.

IDEA∼: If G is a ∼-extensional APG then G has an injective decoration.
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3 ON THE EQUALITY OF SETS 3.2 Regular Bisimulations

The axioms DUA∼ and IDEA∼ for an arbitrary relation ∼ may fail to be consistent.

Certainly it must be that ∼ is an equivalence relation. The discussion above leads to the

following.

Proposition 3.2.2. If DUA∼ and IDEA∼ hold then ∼ is a regular bisimulation on the ∼-

extensional APGs within V0.

Proof. The following lemmas show the stages of the proof.

Lemma 3.2.3. If G and H are ∼-extensional and G ∼= H then G ∼ H.

Proof. Let G have an injective decoration depicting a set a, then there is an injective system

map G → V . An isomorphism of APGs is certainly an injective system map, and as the

composition of system maps is a system map, there is an injective decoration of H sending its

point to a, hence G ∼ H.

Lemma 3.2.4. If G is ∼-extensional and vG = uG then (G|v) ∼ (G|u).

Proof. The map (G|u) → (G|v) taking u to v and acting identically elsewhere is certainly an

injective system map. Let (G|v) depict a, so there is an injective system map f : (G|v) → V

with f(v) = a, hence by composing the system maps there is an injective decoration of (G|u)

sending u to a. Therefore (G|v) ∼ (G|u).

Lemma 3.2.5. If G and H are ∼-extensional and G ∼ H then for each G′ ∈ GV0
there must

exist H ′ ∈ HV0
such that G′ ∼ H ′.

Proof. Let a be a set injectively depicted by G and b a set injectively depicted by H, then

G ∼ H implies that a = b. For any G′ ∈ GV0
, the restriction of the decoration of G to (G|G′)
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4 THE CONSISTENCY OF DUA∼ AND IDEA∼

gives an injective picture of some a′ ∈ a. Therefore there must exist b′ ∈ b such that a′ = b′.

But then there is H ′ ∈ HV0
such that H ′ injectively depicts b′, so that G′ ∼ H ′.

By symmetry, the final lemma shows that ∼ is a bisimulation, hence ∼ is a regular bisimu-

lation.

4 The Consistency of DUA∼ and IDEA∼

4.1 Systems as Models

It is perhaps surprising that the converse of proposition 3.2.2 is also true, namely that there

exists a model of DUA∼ and IDEA∼ for any regular bisimulation ∼ on the system V0 of

APGs in V , subject to two minor extra technical restrictions on ∼, which are discussed below.

Furthermore, it will turn out that such a model is unique up to isomorphism, so that DUA∼

and IDEA∼ complete the axioms of ZFC− in the same way FA does, as discussed above.

Before constructing an explicit model, it is convenient to develop some technical machinery

regarding the use of systems as models of set theory.

A system M is full if for every set A ⊆ M there is a unique a ∈ M such that A = aM . A

full system M can be made into a model of set theory using the interpretation M �“ b ∈ a” iff

a →M b. For a subset A ⊆ M , M �“ a = {b : b ∈ A}” iff a = AM where AM is the unique a

such that A = aM , which is well-defined as M is full. An ordered pair is formed as usual by

defining (a, a′)M = {{a}M , {a, a′}M}M , and from this such objects as relations, products and

functions may be constructed in the normal way. In particular, pointed graphs are constructed

as ordered pairs ((G,→)M , v)M with M �“ v ∈ G” and M �“→ ⊆ G × G”.

As a notational convenience, for a full system M let SYSM be the category whose objects
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4 THE CONSISTENCY OF DUA∼ AND IDEA∼ 4.1 Systems as Models

are pairs of classes (G,→) such that M �“ (G,→) is a system” and whose morphisms are f :

(G,→G) → (H,→H) such that M �“ f : (G,→G) → (H,→H) is a system map”. In particular,

SYSV is the category of all systems and system maps. Define a functor φ : SYSM → SYSV

as taking objects (G,→) to (GM , {(x, y) : (x, y)M ∈ (→)M})M , by taking each v such that

M �“ v ∈ G” to the same v ∈ GM , and if M �“ v →G u” then (v, u)M ∈ (→)M . Note that,

in particular, φM = M . The morphism φf : (GM ,→GM
) → (HM ,→HM

) is just the morphism

f : (G,→G) → (H,→H), which works since M �“ v ∈ G” iff v ∈ GM . Therefore φf is injective

iff f is injective.

Lemma 4.1.1. φ : SYSM → SYSV is a full and faithful functor.

Proof. Suppose f , g are such that M �“ f and g are system maps G → H” and φf = φg,

then as φ acts identically on the vertices of G it must be that f = g, so φ is a faithful functor.

Suppose that f : φG → φH is a system map. Then g = {(v, f(v))M : v ∈ GM}M is such

that M �“ g is a system map G → H”, so φ is a full functor.

The first technical restriction on ∼ is that it must be definable using a first-order formula

in the language of set theory in order for DUA∼ to be a permitted first-order axiom.

The second technical restriction is that the definition of ∼ must be independent of the choice

of system in which it is defined in order for the construction of an inner model to make sense.

In the category-theoretic language above, this means that for any full system M , M �“G ∼ H”

iff φG ∼ φH. The definition of the relation ∼ is absolute for full systems if this is the case,

and if so, M �“G is ∼-extensional” iff φG is ∼-extensional.
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4 THE CONSISTENCY OF DUA∼ AND IDEA∼ 4.2 Properties of Models

4.2 Properties of Models

Given a regular bisimulation ∼ on V , M is ∼-faithful if for every ∼-extensional APG G and

pair of injective system maps f, g : G → M , f = g. A system M is ∼-complete if for every

∼-extensional APG G there is an injective system map G → M . The properties of fullness,

∼-completeness and ∼-faithfulness characterise systems which are models of ZFC−, IDEA∼

and DUA∼ respectively, as shown below.

Proposition 4.2.1 (Rieger’s Theorem). Every full system is a model of ZFC−.

The proof of this theorem is omitted as it is uninstructive in this context. It can be found

in, for example, Appendix B of [1].

Proposition 4.2.2. Every full and ∼-faithful system M is a model of DUA∼

Proof. Let a, b, ((G,→G), v0), ((H,→H ), u0) ∈ M be such that

1. M �“ g : G → M is an injective system map depicting a”,

2. M �“h : H → M is an injective system map depicting b” and

3. M �“G,H are ∼-extensional”.

Using the category-theoretic language introduced above, φG and φH are ∼-extensional

systems and φg : φG → M and φh : φH → M are injective system maps as M = φM .

Suppose M �“G ∼ H”, so that φG ∼ φH. As ∼ is a bisimulation, for any v ∈ φG,

∀v′ ∈ vφG ∃u′ ∈ uφH (φG|v′) ∼ (φH|u′).
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If there exist u′, u′′ ∈ uφH such that (φG|v′) ∼ (φH|u′) and (φG|v′) ∼ (φH|u′′) then u′ = u′′

as ∼ is transitive and H is ∼-extensional. This correspondence between v ∈ φG and u ∈ φH

defines a system map f : φG → φH sending v0 to u0. The ∼-extensionality of G ensures that

f is injective. Then φh ◦ f : φG → M is an injective system map, so φh ◦ f = φg as M is

∼-faithful, so that a = b and hence M �“ a = b”.

Conversely, if M �“ a = b” then a = b, then M �“ g defines an isomorphism G ∼= (M |a)” and

similarly M �“h defines an isomorphism H ∼= (M |b)”. Hence M �“G ∼= (M |a) ∼= (M |b) ∼= H”

and so M �“G ∼ H” as required.

Proposition 4.2.3. Every full and ∼-complete system M is a model of IDEA∼.

Proof. If M �“G is a ∼-extensional APG” then φG is a ∼-extensional APG. As M = φM

is ∼-complete, there is an injective system map φf : φG → φM , and as φ is full and faithful,

there is a f such that M �“ f is an injective system map G → M” as required.

Finally, the fullness property can be deduced from the others, as shown below.

Lemma 4.2.4. Every system M which is ∼-complete, ∼-faithful and ∼-extensional is full.

Proof. Let A ⊆ M be a set, and form an APG G as the union of the vertices and edges of

{(M |u) : u ∈ A}, together with a new distinguished vertex v and edges {v → u : u ∈ A}. As M

is ∼-complete, there is an injective system map f : G → M , Suppose that G is ∼-extensional,

then by ∼-faithfulness f must be the identity map on (G|u) for all u such that v →M . . . →M u.

Let a = f(v), then aM = {f(u) : v →G u} = {u : v →G u} = A as required.

If, on the other hand, G is not ∼-extensional, then notice that M is ∼-extensional, so G \ v
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is ∼-extensional, so (G|v) ∼ (G|u) for some u ∈ G \ v. Since ∼ is a bisimulation,

∀v′ ∈ vG ∃u′ ∈ uG (G|v′) ∼ (G|u′) and ∀u′ ∈ uG ∃v′ ∈ vG (G|v′) ∼ (G|u′).

But (G|v′) = (M |v′) for v′ ∈ vG and (G|u′) = (M |u′) for u′ ∈ uG. Also vG = A, and uG = uM ,

so

∀v′ ∈ A ∃u′ ∈ uM (M |v′) ∼ (M |u′) and ∀u′ ∈ uM ∃v′ ∈ A (M |v′) ∼ (M |u′).

As M is ∼-extensional, (M |v′) ∼ (M |u′) implies that v′ = u′, so that uM = A as desired.

4.3 A model of the axioms

The discussion so far has been moving towards identifying two sets as equal if they are depicted

by injective decorations of a pair of APGs related by ∼. Let W be the class of all ∼-extensional

APGs, so the desired construction is, in some sense, the quotient W/∼. Formally constructing

this quotient is tricky, since its equivalence classes are proper classes as opposed to sets. In the

presence of FA, it would be usual to apply Scott’s trick and consider the set of members of each

equivalence class of minimal rank. In the absence of FA it is possible to use an analogous trick

by considering only the APGs in Vwf of minimal rank, but as this exposition is not concerned

with axioms of choice, it will follow the simpler route of including the axiom

V ∼= On,

which is a conservative extension of ZFC−. Given this, there is a well-defined map G 7→ [G]

such that [G] = [G′] iff G ∼ G′. Let M∼ = {[G] : G ∈ W}.

Proposition 4.3.1. If the relation →M∼ is defined on M∼ by

[G] →M∼ [H] iff G →W H ′ for some H ′ ∼ H

then →M∼ is well-defined and (M∼,→M∼) is a system.

Revision: 1.41 Date: 2004/06/04 10:35:57 19



4 THE CONSISTENCY OF DUA∼ AND IDEA∼ 4.3 A model of the axioms

Proof. Suppose that G ∼ G′ and G →W H. Then as ∼ is a bisimulation there is a H ′ such

that G′ →W H ′ and H ∼ H ′. Hence if G ∼ G′ and H ∼ H ′ then [G] →M∼ [H] iff [G′] →M∼ [H ′]

and →M∼ is well-defined.

M∼ is a system as each [G]M∼ is a set by definition.

Lemma 4.3.2. M∼ is ∼-complete.

Proof. Given a ∼-extensional APG G, the map v 7→ [(G|v)] is an injective system map G → M

as desired.

Lemma 4.3.3. M∼ is ∼-extensional.

Proof. For any ∼-extensional APGs G, G′, suppose that (M∼|[G]) ∼ (M∼|[G′]). As G is

∼-extensional, and (W |G) ∼= G by lemma 2.3.4, (W |G) is ∼-extensional and hence (W |H) ∼

(W |H ′) implies that H = H ′ for any H,H ′ ∈ (W |G). Therefore the mapping H 7→ [H] is an

isomorphism (W |G) ∼= (M∼|[G]) and hence G ∼ (W |G) ∼ (M∼|[G]). Similarly, G′ ∼ (W |G′) ∼

(M∼|[G′]), so that by transitivity G ∼ G′ and hence [G] = [G′] as required.

Lemma 4.3.4. M∼ is ∼-faithful.

Proof. Let G be a ∼-extensional APG and let f, g : G → M∼ be injective system maps.

For any v ∈ G, the restriction of f to (G|v) is a bijection (G|v) → (M∼|f(v)), hence (G|v) ∼

(M∼|f(v)). Similarly, (G|v) ∼ (M∼|g(v)) so that by the ∼-extensionality of M∼, f(v) =

g(v).

Theorem 4.3.5. M∼ is a ∼-extensional model of ZFC−, IDEA∼ and DUA∼ which is unique

up to isomorphism.
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Proof. By the results above, M∼ is ∼-complete, ∼-extensional and ∼-faithful so it is full.

Therefore it models IDEA∼, DUA∼ and by Rieger’s theorem it models the remaining axioms

of ZFC−.

To show uniqueness, suppose that M ′ is also a ∼-extensional model of the axioms. Then M ′

can be made into a system using the relation a →M ′ b iff b ∈M ′ a. The map π : a 7→ [(M ′|a)] is

a system map M ′ → M∼, and if [(M ′|a)] = [(M ′|a′)], then (M ′|a) ∼ (M ′|a′) and hence a = a′

by the ∼-extensionality of M ′, so π is injective.

On the other hand, since M ′ is ∼-complete and ∼-extensional, for each [G] ∈ M∼ there

exists a unique injective ρ[G] : (M∼|[G]) → M ′. Let ρ([G]) = ρ[G]([G]) for all [G] ∈ M∼, then ρ is

a system map M∼ → M ′. On restriction to (M∼|[G]), ρ = ρ[G] and so (M∼|[G]) ∼= (M ′|ρ([G])).

If (M∼|[G]) ∼= (M∼|[G′]) then (M∼|[G]) ∼ (M∼|[G′]) and so [G] = [G′], so ρ is injective.

So π ◦ ρ is an injective system map M∼ → M∼. For any ∼-extensional G, the restriction

of π ◦ ρ to (M∼|[G]) is the unique injective system map (M∼|[G]) → M∼ and must therefore

be the inclusion map. Therefore π ◦ ρ must be the identity map so π = ρ−1 and M∼ ∼= M ′ as

required.

5 Antifoundational Set Theories

5.1 Weak Antifoundation

It is now time to introduce some examples of regular bisimulations on the APGs in V . Consider

firstly the relation given by G ≈ H iff there exist decorations of both G and H which decorate

the points of G and H with the same set. This will turn out to be the weakest possible regular

bisimulation, because if ∼ is any regular bisimulation and G ∼ H then G and H depict the
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5 ANTIFOUNDATIONAL SET THEORIES 5.1 Weak Antifoundation

same set, so that G ≈ H.

Lemma 5.1.1. The relation ≈ is a regular bisimulation on V0.

Proof. 1. That ≈ is an equivalence relation is clear from its definition.

2. If G ∼= H then the isomorphism G → H is a system map. Therefore, any decoration of

H is a decoration G by composition, so that G ≈ H.

3. If uG = vG then any decoration of G will decorate u and v with the same set, therefore

(G|u) ≈ (G|v).

4. If G ≈ H then there are decorations of G and H which depict some set a, say. Let v

be the point of G and u the point of H, so that for every v′ ∈ vG, (G|v′) depicts some

a′ ∈ a, so there is a u′ ∈ uH such that (H|u′) depicts a′ and hence (G|v′) ≈ (H|u′). By

symmetry, ≈ is a bisimulation.

Lemma 5.1.2. The definition of the relation ≈ is absolute for full systems and possible with a

first-order formula in the language of set theory.

Sketch Proof. The absoluteness property arises from the fact that the interpretation functor

φ is full and faithful. It is possible to encode “f is a system map” as a first-order formula, so

that ≈ can be defined with a first-order formula.

Proposition 5.1.3. There is a ≈-extensional model M≈ of ZFC−, IDEA≈ and DUA≈ which

is unique up to isomorphism.

Proof. As ≈ is a regular bisimulation on V0, it is certainly a regular bisimulation on W . By

theorem 4.3.5, the result follows.
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Consider the following axiom, due to Aczel [1].

AFA: Every APG has a unique decoration.

The axioms IDEA≈ and DUA≈ together correspond to AFA and therefore to Forti and

Honsell’s [5] axiom X1, as shown below.

Lemma 5.1.4. IDEA≈ holds iff DEA holds, i.e. iff every APG has a decoration.

Proof. If G is an ≈-extensional APG then by DEA it has a decoration. Suppose that two

vertices v and u of G depict the same set, hence (G|v) ≈ (G|u) so that v = u by ≈-extensionality

and the decoration is therefore injective, hence IDEA≈ holds.

Conversely, by lemma 3.2.1 if G is an APG then there is a system map G → G′ for some

≈-extensional G′, which has a decoration by IDEA≈. Therefore G has a decoration.

Lemma 5.1.5. DUA≈ holds iff V is ≈-extensional.

Proof. Suppose that there exist sets a, b such that (V |a) ≈ (V |b). (V |a) and (V |b) are the

canonical pictures of a and b respectively and therefore have injective decorations which depict

a and b. Therefore a = b by DUA≈.

Conversely, if G and H have injective decorations depicting a and b then G ∼= (V |a) and

H ∼= (V |b). If G ≈ H then (V |a) ≈ (V |b) and so by ≈-extensionality, a = b; on the other hand

if a = b then (V |a) ∼= (V |b) hence G ≈ H.

Lemma 5.1.6. DUA≈ holds iff every APG has at most one decoration.

Proof. If G is an APG then by the construction in lemma 3.2.1 there is a ≈-extensional APG

G′ and a system map f : G → G′ such that f(u) = f(v) iff (G|u) ≈ (G|v). By DUA≈, G′
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has at most one injective decoration. For any decoration g of G, it must be that g(u) = g(v)

iff (G|u) ≈ (G|v) by definition of ≈, so there is a well-defined factorisation of g through f , and

therefore G has at most one decoration.

Conversely, if every APG has at most one decoration then it is certainly true that every

≈-extensional APG has at most one decoration.

Proposition 5.1.7. IDEA≈ and DUA≈ hold iff AFA holds.

Proof. Apply the above lemmas.

Finally, the relation ≈ is the weakest possible regular bisimulation, in the sense that it

relates as many APGs as possible.

Proposition 5.1.8. The relation ≈ is the weakest regular bisimulation whose definition is

absolute for full systems.

Proof. Let ∼ be a regular bisimulation and suppose that φG ∼ φH for ∼-extensional APGs

φG, φH. Then M∼
�“ there are decorations g : G → M∼ and h : H → M∼ such that G and H

depict the same set”, so that φg and φh are system maps φG → M∼ ⊆ V depicting the same

set, and hence φG ≈ φH. As φ is full and faithful, this shows the desired result.

5.2 Strong Antifoundation

Dually, there is a strongest possible regular bisimulation ≡ which relates two APGs only if all

their injective decorations are pictures of the same set. Given an APG G with point v, construct

the graph G′ by adding a new distinguished vertex, ∗ and edges ∗ → u for every u ∈ vG, then

let G∗ be the APG (G′|∗). Define the relation ≡ by G ≡ H iff G∗ ∼= H∗.
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Lemma 5.2.1. The relation ≡ is a regular bisimulation on V0.

Proof. 1. That ≡ is an equivalence relation is clear from its definition.

2. If G ∼= H then G∗ ∼= H∗ by construction, so that G ≡ H.

3. If uG = vG then (G|u)∗ ∼= (G|v)∗, so that (G|u) ≡ (G|v).

4. Suppose G ≡ H and let v be the point of G and u the point of H. As G∗ ∼= H∗, for

every v′ ∈ vG there is a u′ ∈ uH such that (G∗|v′) ∼= (H∗|u′), so that (G|v′) ∼= (H|u′) and

therefore (G|v′) ≡ (H|u′). By symmetry, therefore, ≡ is a bisimulation.

Lemma 5.2.2. The definition of the relation ≡ is absolute for full systems and possible with a

first-order formula in the language of set theory.

Sketch Proof. The absoluteness property again arises from the fact that φ is a full and

faithful functor. As it is possible to form G∗ from G and also to form graph isomorphisms using

first-order constructions, ≡ may be defined with a first-order formula.

Proposition 5.2.3. There is a ≡-extensional model M≡ of ZFC−, IDEA≡ and DUA≡ which

is unique up to isomorphism.

Proof. As ≈ is a regular bisimulation on V0, it is certainly a regular bisimulation on W . By

theorem 4.3.5, the result follows.

Finally, ≡ is the strongest possible bisimulation, in the sense that it relates as few APGs as

possible.
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Proposition 5.2.4. The relation ≡ is the strongest possible regular bisimulation.

Proof. Let ∼ be any regular bisimulation and let G be an APG with point v. If v does not

lie on any path starting from v then G ∼= G∗ and hence G ∼ G∗; if v does lie on a path starting

from v then G ∼= (G∗|v). By definition ∗G∗ = vG∗ so that (G∗|∗) ∼ (G∗|v) and therefore G ∼ G∗

again. So if G ≡ H then G ∼ G∗ ∼= H∗ ∼ H and hence G ∼ H. Hence ≡ is the strongest

possible regular bisimulation.

As has been seen, ≈ is the weakest possible regular bisimulation and ≡ is the strongest.

The following shows that ≈ is strictly weaker than ≡.

Proposition 5.2.5. There exists a pair of APGs G, H such that G ≈ H but G 6≡ H.

Proof. The APGs in figure 8 may both be decorated so that every vertex is a picture of a set

a = {a}, so that G ≈ H. However, as the distinguished vertex is not strictly below itself on

any path, G ∼= G∗ and H ∼= H∗; clearly G 6∼= H.

HG

Figure 8: ≈-equivalent APGs which are not ≡-equivalent.
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This regular bisimulation essentially gives rise to Finsler’s antifoundation axiom, often de-

noted FAFA in the literature. There are other regular bisimulations, such as Scott’s which is

based on trees, as covered in [1]. Notice that if ∼1 and ∼2 are distinct regular bisimulations

then

DUA∼1 and IDEA∼1 ⇒ ¬
(

DUA∼2 and IDEA∼2

)

,

so that the axioms arising from a particular regular bisimulation are inconsistent with those

arising from any other regular bisimulation.

6 Systems of Equations

6.1 Motivation

Consider the system of equations

x = {∅, y}

y = {x}.

These equations can be informally represented as shown in figure 9, and ‘solved’ by identifying

the vertices which represent the unknown quantities x and y, giving the solution

x = {∅, {∅, {∅, . . .}}}, y = {{∅, {∅, {∅, . . .}}}}.

It is clear that not all systems of equations in the language of set theory have solutions. For

example, x = P(x) has no solution in any set theory based on ZFC− due to Cantor’s theorem.

The technique of using APGs to solve these systems suggests restricting attention to lists of

‘flat’ equations of the form

xi = Axi
i ∈ I
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x

y x

y

⇒

x

y

Figure 9: Solving equations using APGs.

where each member of each Axi
is either a set or an indeterminate, xj. Using the technique

of substitution as shown above such a system of equations should have an APG depicting its

solution.

6.2 The Solution Lemma

Lemma 6.2.1 (Solution Lemma). If IDEA≈ and DUA≈ hold then for any system of flat

equations there is a collection of APGs which depict its unique solution.

Proof. This is an instance where it is useful to introduce a class X of atoms to take the role

of the indeterminates in the equations. A system of flat equations is a collection

x = Ax x ∈ X

where each Ax is a set in the universe–with–atoms. Such a set has a (labelled) picture by

proposition 2.2.1. Let G′ be the disjoint union of the (labelled) pictures of all the Ax, and form

the system G by identifying every vertex labelled with the atom y in G′ with the point vx of

the picture of Ax.
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G is an unlabelled system, since any vertex ŷ that was previously labelled with the atom

y either now has children (in which case labelling is unnecessary) or the system of equations

includes the equation y = ∅.

The component (G|vx) of the graph has a set of vertices as opposed to a proper class,

and is therefore an APG with point vx, which by assumption has a unique decoration. If

(G|vx) ∩ (G|vy) 6= ∅ then their decorations must agree on the intersection, by uniqueness, and

every vertex of G is in some (G|vx), so there is a unique system map f : G → V and the

collection
(

f(vx)
)

x∈X
is a solution to the system of flat equations.

Finally, if (yx)x∈X is any solution to the system of equations then (G|vx) must depict (yx),

so yx = f(vx) for each x.

7 Stratified Formulae

7.1 Definitions

A stratified formula is a formula φ in the language of set theory with a mapping t from the

variables of φ to N such that, if “a = b” is a subformula of φ then t(a) = t(b), and if “b ∈ a” is

a subformula then t(a) = t(b) + 1.

Given a function or function-class f , define jnf inductively for all n ∈ N by setting j0f(a) =

f(a) and jnf(a) = {jn−1f(b) : b ∈ a}.

Say that the function-class π is a permutation if it is a bijection from V to V .

The following result on the preservation of stratified formulae by permutations will be needed

later.
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Lemma 7.1.1 (Coret’s Lemma). If π is a permutation and φ(a1, . . . , an) is a stratified

formula such that t(ai) = ti for all i then

φ(a1, . . . , an) ⇔ φ
(

jt1π(a1), . . . , j
tnπ(an)

)

.

The proof of this is a simple induction on quantifiers and connectives, and is omitted here.

It is given in, for example, [3].

7.2 Conservation of Stratified Formulae

Consider the regular bisimulation ≈ which characterises weak antifoundation as shown above.

Let the inclusion map M≈ →֒ V be denoted ι.

Proposition 7.2.1. The inclusion embedding ι : M≈ →֒ V is elementary for stratified formulae.

Proof. This proof is also by induction on quantifiers and connectives. The induction step for

the connectives =, ∈, ¬ and ⇒ are simple, so attention is restricted to the existential quantifier.

Suppose that M≈
�“ ∃[H]φ([G1], . . . , [Gn], [H])”. Then

M≈
�“φ([G1], . . . [Gn], [H])”

so that, by induction φ(ι[G1], . . . , ι[Gn], ι[H]) and hence ι[H] is a witness to

∃aφ(ι[G1], . . . , ι[Gn], a).

Conversely, suppose that ∃aφ(ι[G1], . . . , ι[Gn], a) and that φ is stratified. Let ti = t(ι[Gi])

for each i and let s = t(a). If a = ι[H] for some [H] ∈ M≈ then the proof is complete. If not,

it is sufficient to apply Coret’s lemma to a permutation π such that jtiπ(ι[Gi]) = ι[Gi] for each
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i and jsπ(a) = ι[H] for some [H] ∈ M≈, as long as such a permutation exists. Let

A =
⋃ s

a and B =

n
⋃

i=1

(

⋃ ti
ι[Gi]

)

,

then jtiπ(ι[Gi]) = ι[Gi] if π(b) = b for every b ∈ B.

If A ⊆ B then for every a′ ∈ A, a′ = ι[H ′] for some [H ′] ∈ M≈, so there exists [H] such that

a = ι[H] as M≈ is full. By assumption, therefore, A \ B 6= ∅. Let H0 be the canonical picture

of A \ B, then there is a bijection A \ B → {ι[H ′
0] : [H ′

0] ∈ [H0]M≈}. Extend this bijection to

a permutation π which fixes every member of B, then by the fullness of M≈, jsπ(a) = ι[H]

for some [H] ∈ M≈. By Coret’s lemma, ι[H] is a witness to ∃aφ(ι[G1], . . . , ι[Gn], a) so by

induction, M≈
�“φ([G1], . . . , [Gn], [H])” and hence

M≈
�“ ∃[H]φ([G1], . . . , [Gn], [H])”,

as required.

Interestingly, notice that the construction of M≈ above at no point required the existence

of non-wellfounded sets; in fact it used almost no information about the internal structure of

any set in V . The construction of M≈ would work equally well if V � ZFC so that proposition

7.2.1 shows that if φ is a stratified sentence in the language of set theory then φ is a theorem of

ZFC iff it is a theorem of (ZFC− +DUA≈ + IDEA≈). The importance of stratified formulae

is emphasised in the set theory NF, which is based on the idea that any object which can be

described with a stratified formula is a set, which captures the pleasing idea that most real-

world phenomena of interest are themselves ‘stratified’. Although it is pleasing, whether this

idea is a sensible and consistent one or not remains to be seen.
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8 Conclusion

As noted in the introduction, the axiom of foundation was conceived as an attempt to force the

universe of sets to have a unique model, and is often justified by appealing to the intuition that

sets are physically ‘built’, starting from the empty set and working upwards.

It has been shown that the axiom of foundation is not the only possible addition to ZFC−

to ensure that the universe is unique: in fact there are a number of mutually contradictory

axioms, each of which fixes a model of set theory which is unique up to isomorphism, and all

of which appeal to the intuition that sets are those objects which can be depicted using APGs.

Whether this intuition is more or less acceptable than the justification for accepting foundation

is one of personal taste, but it is certainly worth noting that it is little more than a historical

accident that FA was widely accepted before Finsler’s antifoundation axiom was developed into

the pair of strong antifoundation axioms exhibited above, and many decades before Scott and

Forti–Honsell invented their respective notions of antifoundation.

Diagrams are a useful tool in informal mathematical discussions and when considering well-

founded sets it is hard to think of a picture that one could draw of a set which was not, in some

sense, an APG. It is compelling to take a different perspective and make the APGs themselves

the object of study, and from this perspective there is no immediately clear reason why one

should not allow non-wellfounded APGs. The discussion above shows that there is in fact no

reason at all to restrict one’s attention to the wellfounded universe, and that there are results,

such as the Solution Lemma, which may make it desirable to include non-wellfounded sets too.

The discussion of the final section shows that if one is concerned with the behaviour of

stratified objects, then it does not matter whether you include the axiom of foundation or the

weak axiom of antifoundation. Much of mathematics can be described in a stratified manner —
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in fact it is believed that Cantor did not initially consider the possibility that sets may contain

other sets — which greatly diminishes the importance of any concerns over which is better,

foundation or antifoundation.

References

[1] P. Aczel. Non-wellfounded sets. Number 14 in Lecture Notes. CLSI, 1988.
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